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Review of Last Week 

Neural Layered BRDFs

- Parametrize Spatially-varying 
BRDFs via AutoEncoder

- Predict Consecutive Layering 
via Neural Network

- Layering is achieved by 
recursively predict layering 
effect
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Overview
1. Motivation

2. Methods

3. Experiments

4. Main Takeaways
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1. Motivation



Motivation - PDE is Everywhere!
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Rendering
- Wave-based Light Transport
- Quantum Optical Simulation

Animation
- Fluid Simulation
- Sound Propagation
- Sound Synthesis
- Fracture Generation

Modeling
- Shape Deformation
- Physically-based Design
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The Famous Interpolation Problem

given boundary color

“heat diffuse” from 
boundary to fill in colors



Motivation - Previous Approach
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can’t we just discretize?

Discretization Error Complexity



Motivation - Previous Approach
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can’t we just discretize?

Discretization Error Complexity

which discretization?

how to realize with different representation?

how to combine between 

multiple representation?



Motivation - Previous Approach
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can’t we just discretize?

Radiosity Ray Tracing



Motivation - Monte Carlo for PDE
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● agnostic to representation

● parallelizable 

● easy to implement 

● fast convergence 

● no precompute

● easy to realize on most PDEs

● unbiased method

● robust to noise, numerically stable

● easy to compute div, grad, curl
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2. The Main Idea



The Tales of Three Equations
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Once, there was a 
parabolic monster …



The Tales of Three Equations
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Then a legendary duo appeared with a 
magical integral sword…

Feynman-Kac Theorem



The Tales of Three Equations
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Reducing the parabolic monster into a 
harmless form

Feynman-Kac Theorem



The Tales of Three Equations
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The Cycle continues 
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Walk-on-Sphere - An Example 
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Walk-on-Sphere - An Example 
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Walk-on-Sphere - An Example 
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Walk-on-Sphere - Simple Domain  
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Walk-on-Sphere - Simple Domain  

Analytic Solution!

also known as the Green’s Function 
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Walk-on-Sphere - Simple Domain  

Analytic Solution!
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Walk-on-Sphere - Simple Domain  

Analytic Solution!

We can solve this in O(1)! 
(STILL UNBIASED)
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Walk-on-Sphere - Simple Domain  

Analytic Solution!

We can solve this in O(1)! 
(STILL UNBIASED)

Can we decompose complex 
domain into simple domain?
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Walk-on-Sphere - Simple Domain  

Yes!
via Mean Value Theorem
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Walk-on-Sphere - The Big Picture



page 27

Walk-on-Sphere - The Big Picture

does it has 
to be a ball?
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Walk-on-Sphere - The Big Picture

does it has 
to be a ball?

How do we make 
this faster?
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Walk-on-Sphere - The Big Picture

does it has 
to be a ball?

How do we make 
this faster?

Why is the Stochastic 
Representation interesting?
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Walk-on-Sphere - The Big Picture

does it has 
to be a ball?

How do we make 
this faster?

Why is the Stochastic 
Representation interesting?
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Connection with Ray-Tracing
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Ray-Tracing Methods in WOS

multiple importance sampling,
control variates

adaptive sampling 
(sample near boundary)
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Ray-Tracing Inspired Techniques on WoS

Bidirectional Ray-tracing Photon Mapping
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4. Experiments



Curve Inflation - My Spooky Implementation 
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inflation 



page 36

Real-time Deformation
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FEM vs. WoS on Poisson
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5. Main Takeaways



There is no Free Lunch! Just discounted Lunch
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Pros Cons
● agnostic to representation

● parallelizable 

● easy to implement 

● fast convergence 

● no precompute

● easy to realize on most parabolic and 

elliptic PDEs

● unbiased method

● robust to noise, numerically stable

● easy to compute div, grad, curl

● hard to realize on hyperbolic PDEs 

(eg. Wave Equation, Schrödinger Equation)

● requires bounded domain with Dirichlet 

(non-reflecting) boundary

● requires analytic form of Green Functions 

● yet to handle spatially-varying conditions

● yet to handle time-dependent equation

● only consider volumetric domain 
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Quiz Time! :D
   When performing walk-on-sphere on 
bounded domain. Is there a domain 
geometry that makes the algorithm 
never terminate in probability? 

(a) True
(b) False 
(c) Undecidable

    Which figure describe the WRONG 
walk-on-sphere algorithm? 
(there is only one walker)

(a) figure A
(b) figure B

                (c)     both wrong
(d)     both correct

figure A figure B


